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1 Introduction

Policymakers frequently rely on quantity controls to regulate externalities. For example, the recreational

use of some opiates and opioids is widely banned, while immunizations are often mandated by schools and

employers. Even when outright bans and mandates are not used, quantity restrictions may still apply. Most

countries impose compulsory education laws that require children to receive some minimum amount of

schooling. One-gun-a-month laws and the Combat Methamphetamine Epidemic Act, respectively, limit

the quantity of firearms and pseudoephedrine that any individual may purchase within a given month.

However, many economists believe in the superiority of price regulation through taxes and subsidies.

The COVID-19 pandemic provides a stark illustration of this tension between economic prescriptions and

policy practice. Several prominent economists, including Robert Litan and Gregory Mankiw, advocated

paying individuals to get vaccinated in order to achieve herd immunity (Litan, 2020; Mankiw, 2020). Yet

few schools, employers, or governments heeded these calls, choosing instead to impose vaccine mandates.

At first glance, this may look like the familiar prices-versus-quantities problem studied by Weitzman

(1974). However, as a large subsequent literature has emphasized, two aspects of that benchmark are ill-

suited to many policy settings. First, it places substantial informational demands on the regulator (Baumol

and Oates, 1988). Second, it typically restricts attention to simple instruments, even though sufficiently

rich price regulation (e.g., nonlinear pricing) can dominate quantity controls (Kaplow and Shavell, 2002).

Put differently, Weitzman’s approach is most natural in settings with relatively rich information but a

limited set of instruments, whereas many real-world environments feature limited information even when

a rich set of instruments is feasible.

This paper takes a new approach to the instrument choice problem by embedding it in a mechanism-

design framework with limited information and a rich set of feasible instruments. This framework

comprises two key ingredients: heterogeneity and robustness. Agents are heterogeneous in that they

differ both in their consumption preferences for a homogeneous good and in the amount of externality

they generate per unit of consumption. In the COVID-19 vaccination example, individuals vary in their

willingness to pay for the vaccine as well as in the marginal social benefit their vaccination generates, for

instance because they differ in their propensity to wear masks or avoid large crowds. While the regulator
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may observe revealed preferences through consumption decisions, she does not observe the amount of

externality generated by each agent and may have only limited information about its distribution, such as

its mean. This reflects real-world settings in which policymakers know the average benefit of vaccination,

but not how marginal benefits are distributed or correlated with willingness to pay. Faced with this

uncertainty, the regulator adopts a robust approach by evaluating policies according to their worst-case

welfare performance. Importantly, the regulator is not restricted to simple instruments a priori: she can

choose any incentive-compatible policy, including nonlinear price schedules.

The first main result shows that robustness to correlation uncertainty arising from agent heterogeneity

favors quantity regulation. Although the regulator can choose any incentive-compatible policy, her best

welfare guarantee is achieved by a simple policy: imposing a quantity floor or ceiling when the externality

is positive or negative, respectively. In special cases, such as when agents have unit demand, this result

takes the form of mandates and bans.

To see why, consider the COVID-19 vaccination example. On the one hand, paying individuals to

get vaccinated performs well when those with the highest willingness to pay also generate the largest

marginal social benefit. On the other hand, if willingness to pay and marginal social benefit are negatively

correlated—for instance, if individuals who are most eager to get vaccinated already take extensive

precautions—then subsidies disproportionately attract individuals whose vaccination generates relatively

little additional social benefit. In such cases, any given subsidy can fail to realize essentially all of the

potential social benefit. By contrast, a mandate may achieve a better welfare guarantee by ensuring full

participation, albeit at the cost of potentially vaccinating some individuals whose willingness to pay and

marginal social benefit are both low. Depending on how this tradeoff resolves, the optimal policy is either

to mandate vaccination or not to intervene at all, but never to subsidize vaccination.

The second main result shows that the optimal regulatory instrument—price or quantity—depends

critically on the sign of the correlation between willingness to pay and amount of externality generated,

when this sign is known. In particular, knowledge of the sign of the correlation can rule out the worst-case

selection patterns that drive the case for quantity regulation under correlation uncertainty. Of course,

if willingness to pay and marginal social benefit are known to be negatively correlated, the previous

logic continues to apply and quantity regulation remains optimal. However, if willingness to pay and
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marginal social benefit are known to be positively correlated—for instance, if individuals who are most

eager to get vaccinated are also those at greatest risk of exposure and transmission—then price regulation

becomes optimal. In this case, the optimal policy nonetheless remains simple: the regulator optimally

sets a uniform subsidy equal to the average social benefit generated. While the presence of such positive

correlation is unclear in the COVID-19 context, it is more plausible for other vaccines, such as those for

human papillomavirus (HPV) or mpox, where individuals at higher risk may also have higher willingness

to pay. Similar considerations arise in other externality settings: for example, many countries subsidize

electric vehicle adoption, where individuals with higher willingness to pay, such as high-mileage drivers,

are expected to generate larger marginal social benefits through greater emissions reductions.

It is worth emphasizing that both heterogeneity and robustness are crucial for the results in this paper.

Without heterogeneity, the marginal amount of externality generated by each agent would be the same. In

this case, the classical analysis due to Pigou (1920) applies: the regulator can do no better than to set a tax

or subsidy equal to that amount of externality. Without robustness, the regulator might instead maximize

expected welfare in a standard Bayesian environment with a known joint distribution of willingness to pay

and amount of externality generated. This is a substantial informational requirement on the regulator—a

point that I revisit below. But putting that aside, given the joint distribution, the regulator would optimally

set marginal taxes or subsidies equal to the expected marginal amount of externality generated by agents

consuming that marginal unit of the good. In such settings, quantity regulation is optimal only in special

cases or when used in conjunction with price regulation, as Kaplow and Shavell (2002) have argued. In

this sense, it is the interaction between heterogeneity and robustness that drives the results in this paper.

While the argument above has been framed in terms of externalities, it extends more broadly to other

economic frictions. Consider, for instance, environments in which goods are allocated through costly and

socially wasteful screening, such as waiting or delay. In many such environments, policymakers instead

rely on random or non-price allocation mechanisms that aim to reduce or even eliminate screening—such

as arbitration rather than costly litigation, and lotteries rather than ordeals. The results of this paper

suggest that these policies can be understood as a robust response to uncertainty about how agents’

willingness to pay is correlated with their waiting costs. If individuals with higher willingness to pay also

systematically find it less costly to wait, then screening mechanisms can improve allocative efficiency.
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However, when policymakers have limited information about this correlation, mechanisms that rely on

costly screening may yield poor welfare guarantees. As in the externality setting, uncertainty about this

correlation leads to the robust optimality of non-price allocation.

1.1 Related Literature

This paper shares a similar motivation with a positive literature that studies why quantity regulation is

so prevalent even when price regulation is theoretically appealing. Key contributions by Glaeser and

Shleifer (2001), Glaeser, Johnson and Shleifer (2001), and Glaeser and Shleifer (2002) develop two

complementary enforcement-based explanations: quantity restrictions can both strengthen enforcement

incentives and reduce enforcement costs by making violations easier to detect. A different strand of

the literature, pioneered by Buchanan and Tullock (1975), examines political economy mechanisms.

The present paper complements these explanations by developing a welfare-based argument for quantity

regulation and by adding nuance: price regulation—also observed in practice—can be explained by the

same argument when the sign of the correlation between demand and marginal externality is known.

The argument developed in this paper relates directly to a growing literature that emphasizes the

importance of heterogeneity in the regulation of externalities. The seminal work of Diamond (1973)

shows that when individuals generate heterogeneous marginal externalities, the optimal uniform corrective

tax generally differs from the “naïve” uniform tax based on the unweighted average marginal harm, and

instead depends on how marginal externalities covary with individuals’ demand elasticities. A recent

empirical literature has documented such heterogeneity and correlation in specific settings where rich

data are available, including work by Knittel and Sandler (2018), Griffith, O’Connell and Smith (2019),

and Grummon, Lockwood, Taubinsky and Allcott (2019). At the same time, these studies underscore how

demanding the informational requirements of optimal taxation are: identifying the relevant correlation

structure typically requires detailed micro-level data on both consumption and social costs, data that are

unavailable in many policy settings in which such heterogeneity is likely to be quantitatively important,

such as those discussed by Fleischer (2015). In this sense, the present paper complements the existing

literature by studying robust regulatory policies when such detailed data are unavailable.

4



Another closely related literature studies the normative question of how to choose between price and

quantity instruments in regulation. A key premise of this literature that resonates with the present paper

is the difficulty of measuring externalities precisely, as described by Baumol and Oates (1971):

“The proper level of the Pigouvian tax (subsidy) [. . . ] is equal to the marginal net damage

(benefit) produced by that activity. The difficulty is that it is usually not easy to obtain a

reasonable estimate of the money value of this marginal damage.”

Given this difficulty, pioneering contributions by Weitzman (1974), Roberts and Spence (1976), and

Baumol and Oates (1988) examine the relative performance of price regulation and quantity regulation,

as well as hybrid instruments. Subsequent work has refined these insights and applied them to important

policy environments (e.g., Pizer, 2002; Newell and Pizer, 2003). However, Kaplow and Shavell (2002)

have argued that these results rely on restrictions on price regulation—such as linear taxes—and that

sufficiently rich price instruments can do better. The present paper departs from this literature in two ways:

(i) the regulator can choose any incentive-compatible policy without restriction; and (ii) the regulator

seeks robustness to uncertainty by evaluating policies under a worst-case welfare criterion, with limited

information about the distribution of externalities.

The focus on robustness also connects this paper to the literature on mechanism design with worst-case

objectives. Carroll (2019) provides a detailed survey of this literature. Recent work has applied worst-

case criteria to justify simple policies on the basis of robustness, including Frankel (2014) in delegation;

Garrett (2014) in cost-based procurement; Carroll (2015), Walton and Carroll (2022), and Carroll and

Bolte (2023) in moral hazard; Carroll (2017) in multidimensional screening; Guo and Shmaya (2025)

in monopoly regulation; and Kang and Vasserman (2025) in welfare analysis. Closer to the present

paper’s motivation of how worst-case reasoning bears on the comparison between price and quantity

regulation, Mishra, Patil and Pavan (2025) study a monopoly regulation problem in which the regulator

has a conjectured model but does not fully trust it: the regulator selects mechanisms that maximize a

worst-case welfare guarantee over a set of plausible models and chooses among them by their expected

performance under the conjectured model.1 Their analysis compares price and quantity regulations as

1 Dworczak and Pavan (2022) use a similar selection rule in their study of robust information design.
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rich families of direct mechanisms in which the regulator specifies either a price rule or a quantity rule as

a function of the monopolist’s reported type. Because demand is itself uncertain, these families are not

equivalent, and the comparison is driven by how a regulated price maps into different realized quantities

across plausible demand models. They show that price and quantity regulations yield the same worst-case

welfare guarantee and establish conditions under which one family outperforms the other. By contrast, the

present paper studies a different economic environment and source of uncertainty: the regulator wishes

to regulate a heterogeneously-generated externality and seeks robustness with respect to the distribution

of externalities—in particular, the unknown correlation between demand and externality.2 In this setting,

although the regulator can choose any incentive-compatible policy, optimal policies take a simple form:

price regulation means uniform taxes or subsidies, while quantity regulation means a quantity ceiling

or floor without other instruments. This delivers a unique robust policy and a clean instrument-choice

implication: when the sign of this correlation is unknown, quantity regulation is optimal, whereas when

the sign is known, price regulation can be optimal.

2 Framework

This section develops the regulator’s problem in terms of regulating a positive consumption externality

and discusses modeling assumptions. As Section 4 demonstrates, the model extends straightforwardly to

environments with negative externalities, regulatory uncertainty, and costly screening.

2.1 Model

There is a unit mass of risk-neutral agents in a market for a homogeneous good. Consumption of the good

generates a positive externality. Agents differ both in their consumption preferences and in the amount of

externality they generate from consumption. The good is supplied competitively at a constant marginal

cost, 𝑐 > 0.

2 This informational structure (where only mean or moment-based information is available) has been considered by other
authors, such as Carrasco, Luz, Kos, Messner, Monteiro and Moreira (2018) and Che and Zhong (2025), who build on
Bergemann and Schlag’s (2011) analysis of monopoly pricing under worst-case objectives when the seller is uncertain about
demand.
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Heterogeneity in consumption preferences is captured by a type, 𝜃 ∈ Θ ⊂ R+. Each agent is privately

informed of 𝜃, which determines the utility 𝑢(𝑞, 𝜃) that he derives from consuming a quantity 𝑞 of the

good. To ensure that consumption is always bounded, I assume that there exists a maximum quantity

𝐴 > 0 that each agent can consume, so that 𝑞 ∈ [0, 𝐴]. As is standard, 𝑢 : [0, 𝐴] × Θ → R is assumed

to be increasing and strictly concave in quantity and to satisfy the single-crossing property: 𝑢𝑞 > 0,

𝑢𝑞𝑞 < 0, and 𝑢𝑞𝜃 > 0 in the interior of the domain of 𝑢. The type space Θ is assumed to be compact and

convex (i.e., a closed interval of R+), and types have a continuously differentiable cumulative distribution

function 𝐹 that admits a positive density on Θ.

Heterogeneity in externality is captured by 𝜉 ∈ R+, which denotes the marginal benefit (measured in

dollar terms) that the agent generates per unit of consumption. For simplicity, agents are also assumed to

be privately informed about 𝜉 (as shown below, whether agents observe 𝜉 does not affect the analysis).

Each agent’s utility depends on both his own consumption of the good and the aggregate externality

generated by all agents. For expositional simplicity, I focus on the case where utility is additively separable

and linear in the aggregate externality. Denote the joint distribution of (𝜃, 𝜉) by 𝐻. Thus, a type-𝜃 agent

who consumes a quantity 𝑞(𝜃, 𝜉) of the good, generates an externality of 𝜉 per unit of consumption, and

makes a payment of 𝑡 (𝜃, 𝜉) obtains a utility of

𝑢(𝑞(𝜃, 𝜉), 𝜃) − 𝑡 (𝜃, 𝜉) + 𝐸, where 𝐸 =

∬
(𝜃,𝜉)∈Θ×R+

𝜉𝑞(𝜃, 𝜉) d𝐻 (𝜃, 𝜉).

A regulator seeks to regulate the positive externality generated by consumption. To this end, she

chooses a mechanism (𝑞, 𝑡), which consists of an allocation function 𝑞 : Θ×R+ → [0, 𝐴] and a payment

function 𝑡 : Θ × R+ → R. These respectively determine the quantity of the good that each agent

consumes and the payment that he makes. By the revelation principle (Myerson, 1979), it is without

loss of generality for the regulator to consider only incentive-compatible mechanisms under which agents

report (𝜃, 𝜉) truthfully, such that for all (𝜃, 𝜉) ∈ Θ × R+,

(𝜃, 𝜉) ∈ arg max
(𝜃,𝜉)

[
𝑢(𝑞(𝜃, 𝜉), 𝜃) − 𝑡 (𝜃, 𝜉) + 𝐸

]
. (IC)
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Notice that individual reports (𝜃, 𝜉) do not affect the aggregate externality 𝐸 in the market; therefore, as

in the standard Pigouvian analysis, each agent fails to internalize how much his own consumption affects

others. Standard arguments from mechanism design imply that (𝑞, 𝑡) must be essentially independent of

𝜉: as can be seen from (IC), each agent’s report of 𝜉 affects his payoff only through the mechanism.3

Consequently, no incentive-compatible mechanism can truthfully elicit information about 𝜉; instead, the

regulator must form beliefs about 𝜉 based only on agents’ revealed consumption preferences. Given that

incentive-compatible mechanisms can truthfully elicit only information about 𝜃, implementable allocation

functions4 must be nondecreasing in 𝜃 due to an adaptation of Myerson’s (1981) lemma:

Lemma 1. Define

Q ≔ {𝑞 : Θ → [0, 𝐴] is nondecreasing} .

Then an allocation function 𝑞 : Θ × R+ → [0, 𝐴] is implementable only if there exists 𝑞 ∈ Q such that

𝑞(𝜃, 𝜉) = 𝑞(𝜃) for almost every (𝜃, 𝜉) ∈ Θ × R+.

Lemma 1 is proven formally in Appendix A and shows that the formulation—and thus solution—of the

regulator’s problem does not depend on whether agents observe the amount of externality they generate.

If agents do not observe 𝜉, the regulator can trivially do no better than to elicit only information about 𝜃.

However, even if agents observe 𝜉, Lemma 1 shows that the regulator can also do no better. Henceforth,

Q defined in Lemma 1 is referred to as the set of implementable allocation functions; and 𝑞 and 𝑡 in any

incentive-compatible mechanism are written as functions of only 𝜃.

Given any incentive-compatible mechanism (𝑞, 𝑡), the regulator evaluates its performance with respect

to the worst-case total surplus. If the joint distribution 𝐻 of (𝜃, 𝜉) were known, then the total surplus

would be5 ∫
Θ

[𝑢(𝑞(𝜃), 𝜃) + (E𝐻 [𝜉 | 𝜃] − 𝑐) 𝑞(𝜃)] d𝐹 (𝜃).

3 See, for example, analogous characterization results by Jehiel and Moldovanu (2001), Che, Dessein and Kartik (2013), and
Dworczak r⃝ Kominers r⃝ Akbarpour (2021).

4 Following the mechanism design literature, an allocation function 𝑞 : Θ ×R+ → [0, 𝐴] is said to be implementable if there
exists a payment function 𝑡 : Θ × R+ → R such that the mechanism (𝑞, 𝑡) satisfies (IC).

5 As monetary transfers are pure redistributions, the payment function 𝑡 does not affect total surplus. Given any implementable
allocation 𝑞, the associated payment function 𝑡 is pinned down by the envelope theorem up to an additive constant (Milgrom
and Segal, 2002). Consequently, the analysis below focuses on the choice of the allocation function 𝑞.
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However, the regulator does not observe 𝐻 and instead knows only the unconditional mean E𝐻 [𝜉] = 𝜇.

This reflects real-world settings in which policymakers know only the average marginal benefit, but not

how marginal benefits are distributed or correlated with consumption. Below, the conditional mean of 𝜉

is denoted by 𝑚(𝜃) ≔ E𝐻 [𝜉 | 𝜃].

To evaluate the worst-case total surplus, the regulator considers three informational benchmarks:

(i) Unknown correlation. The regulator allows all conditional mean functions 𝑚 in the set

M0 ≔ {𝑚 : Θ → R+ such that 𝑚 is measurable and E𝐹 [𝑚(𝜃)] = 𝜇} .

This captures settings where the regulator has no reliable information about how marginal benefits

covary with consumption.

(ii) Positive correlation. The regulator allows all conditional mean functions 𝑚 in the set

M+ ≔ {𝑚 : Θ → R+ such that 𝑚 is nondecreasing and E𝐹 [𝑚(𝜃)] = 𝜇} .

Here, higher-demand agents generate larger marginal benefits in expectation.

(iii) Negative correlation. The regulator allows all conditional mean functions 𝑚 in the set

M− ≔ {𝑚 : Θ → R+ such that 𝑚 is nonincreasing and E𝐹 [𝑚(𝜃)] = 𝜇} .

Here, higher-demand agents generate smaller marginal benefits in expectation.

For each ∗ ∈ {0, +,−}, the regulator’s problem is therefore

sup
𝑞∈Q

inf
𝑚∈M∗

∫
Θ

[𝑢(𝑞(𝜃), 𝜃) + [𝑚(𝜃) − 𝑐] 𝑞(𝜃)] d𝐹 (𝜃). (P∗)

Problem (P∗) can be interpreted as a zero-sum game between the regulator and Nature. The regulator

first chooses an implementable allocation function 𝑞 ∈ Q, after which Nature selects a conditional mean

function 𝑚 ∈ M∗ that minimizes total surplus, subject to the constraints of the respective benchmark.
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2.2 Discussion of Assumptions

To conclude this section, I discuss the key modeling choices underlying the framework and clarify which

assumptions are essential for the subsequent analysis and main results.

Information about the externality. A key assumption is that the regulator knows the average marginal

externality 𝜇 = E𝐻 [𝜉], but not how the marginal benefit is distributed across agents or how it covaries with

demand. This assumption reflects real-world policy settings in which average effects can be estimated

from aggregated data, even when individual-level marginal benefit is difficult to observe. For example,

policymakers may know the efficacy of a vaccine and the average number of social interactions individuals

engage in, but have far less reliable information about how the marginal social benefits from vaccination

vary across individuals or how they are correlated with willingness to pay.

Information about demand. The model also assumes that the regulator knows the distribution of types,

𝐹. This reflects the fact that consumption behavior is typically easier to observe and measure than external

harm: willingness to pay can be estimated from observed consumption choices, whereas marginal social

benefits or costs cannot. Nevertheless, Section 3 shows that the regulator’s optimal mechanism for each

benchmark requires only a modest amount of information about 𝐹: it depends on 𝐹 at most through a

one-dimensional sufficient statistic. This suggests that the regulator’s optimal mechanism is a fortiori

also robust to demand uncertainty.

Demand and supply specifications. The assumptions of continuous demand, constant marginal cost,

and constant marginal externality are made for ease of exposition. As Section 4 shows, the subsequent

analysis and main results hold in the case of unit demand (e.g., vaccines) and for more general cost

and externality functions. In addition, while I follow standard textbook analyses by assuming that agent

utility is additively separable and linear in the aggregate externality, the subsequent analysis and main

results readily generalize. Specifically, the form of the optimal regulation under each informational

benchmark—and hence the comparison between price and quantity regulation—remains the same when

agent utility 𝑢(𝑞, 𝜃, 𝐸) increases in a potentially nonlinear way with the aggregate positive externality 𝐸 .
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Intuitively, even when agent utility is neither additively separable nor linear in the aggregate externality,

the aggregate externality implies a shadow cost that potentially varies with policy but does not change its

optimal form.

3 Main Results

I now solve the regulator’s problem under the three informational benchmarks—unknown, positive, and

negative correlation—and show how information about the correlation between demand and marginal

externality shapes the optimal allocation.

For ease of notation, let 𝐷 (𝑝, 𝜃) denote the demand function of an agent of type 𝜃 when the per-unit

price of the good is 𝑝. The laissez-faire allocation is thus given by 𝑞LF(𝜃) = 𝐷 (𝑐, 𝜃).

3.1 Unknown Correlation

I begin with the benchmark in which the regulator has no information about how the marginal externality

covaries with demand beyond its average level.

Theorem 1. Under the unknown-correlation benchmark, there exists a quantity floor 𝑞 ∈ [0, 𝐴] such

that the regulator’s unique optimal allocation function is

𝑞∗0(𝜃) = max
{
𝑞LF(𝜃), 𝑞

}
.

Theorem 1 shows that the optimal regulation has two important features that allow it to be interpreted

as a form of quantity regulation. First, it imposes a quantity floor: no agent can consume less than 𝑞 units

of the good. Second, it imposes no intervention above that floor: agents for whom the quantity floor does

not bind simply consume their laissez-faire allocation.

The first feature is intuitive: a quantity floor maximally lower-bounds the amount of external benefit

that any single agent can generate, subject to incentive compatibility. Under the unknown correlation

benchmark, the regulator must guard against the possibility that marginal benefit is concentrated among

low types. At the same time, incentive compatibility implies that any implementable allocation must be
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nondecreasing in type (Lemma 1). As such, to maximally expand consumption (and hence externality

generated) among the lowest types while respecting incentive compatibility, the regulator can do no better

than to flatten the allocation function below some threshold by imposing a quantity floor.

The second feature is perhaps more surprising: any intervention above the quantity floor can hurt

the regulator more than it can help. Notably, this feature does not hold in Bayesian models: as Kaplow

and Shavell (2002) have observed, a general lesson of the Bayesian mechanism design literature is that

nonlinear pricing can—and except in special cases, strictly—improve upon quantity regulations such as a

quantity floor. By contrast, under the unknown-correlation benchmark, the regulator must instead guard

against the possibility that intervention unnecessarily distorts consumption if high types turn out not to

generate much marginal benefit. This force dominates above the quantity floor, meaning that laissez-faire

consumption is optimal for these agents.

The proof of Theorem 1 formalizes these intuitions:

Proof. To begin, observe that Nature’s problem is to choose a conditional mean function 𝑚 ∈ M0 to

minimize external benefit, given the regulator’s choice of allocation function 𝑞:

inf
𝑚∈M0

E𝐹 [𝑚(𝜃)𝑞(𝜃)] ≥ E𝐹 [𝑚(𝜃)] · ess inf
𝜃∈Θ

𝑞(𝜃).

To show that equality is in fact attained, consider the sequence {𝑚𝑛}∞𝑛=1 ⊂ M0 defined by

𝑚𝑛 (𝜃) ≔


0, if 𝐹 (𝜃) > 1/𝑛,

𝑛𝜇, otherwise.

Given the regulator’s choice of allocation function 𝑞, for any 𝜀 > 0, Pr𝐹 [𝑞(𝜃) < ess inf𝜃∈Θ 𝑞(𝜃) + 𝜀] > 0

by the definition of the essential infimum. Consequently, there exists 𝑁𝜀 ∈ N such that

Pr𝐹
[
𝑞(𝜃) < ess inf

𝜃∈Θ
𝑞(𝜃) + 𝜀

]
≥ 1/𝑁𝜀 .
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Since 𝑞 is nondecreasing by Lemma 1, this choice of 𝑁𝜀 yields

E𝐹 [𝑚𝑁𝜀
(𝜃)𝑞(𝜃)] ≤ 𝜇

[
ess inf
𝜃∈Θ

𝑞(𝜃) + 𝜀

]
.

In turn, this implies that

lim
𝜀→0

E𝐹 [𝑚𝑁𝜀
(𝜃)𝑞(𝜃)] = 𝜇 ess inf

𝜃∈Θ
𝑞(𝜃) =⇒ inf

𝑚∈M0
E𝐹 [𝑚(𝜃)𝑞(𝜃)] = 𝜇 ess inf

𝜃∈Θ
𝑞(𝜃). (1)

This shows that Nature’s best response is to concentrate marginal benefit on low types, in line with the

intuition given above.6

Importantly, the worst-case external benefit in equation (1) depends on the regulator’s choice of 𝑞

only through its essential infimum, ess inf𝜃∈Θ 𝑞(𝜃). Thus, the regulator’s problem (P0) can be rewritten

as

sup
𝑞∈Q

[∫
Θ

[𝑢(𝑞(𝜃), 𝜃) − 𝑐𝑞(𝜃)] d𝐹 (𝜃) + 𝜇 ess inf
𝜃∈Θ

𝑞(𝜃)
]

= sup
𝑞∈[0,𝐴]

[
sup
𝑞∈Q

{∫
Θ

[𝑢(𝑞(𝜃), 𝜃) − 𝑐𝑞(𝜃)] d𝐹 (𝜃) : ess inf
𝜃∈Θ

𝑞(𝜃) = 𝑞

}
+ 𝜇𝑞

]
. (2)

For any choice of 𝑞 ≥ 𝑞LF(𝜃), the solution to the inner constrained problem in equation (2) is given by

the pointwise maximizer 𝑞LF(𝜃) unless the constraint is binding, yielding the desired solution form

𝑞∗0(𝜃) = max
{
𝑞LF(𝜃), 𝑞

}
.

This solution form remains the same if 𝑞 < 𝑞LF(𝜃). This solution is also unique since 𝑢 is strictly concave

in 𝑞, which means that the regulator’s objective function above is strictly concave in 𝑞. □

The proof of Theorem 1 shows that the quantity floor in the optimal regulation can be characterized

by a simple first-order condition whenever it is interior. Specifically, the solution to the outer problem in

6 Technically, Nature does not always have a best response as the worst-case external benefit is generally attained only in the
limit. However, a best response exists for the optimal allocation function chosen by the regulator.
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equation (2) satisfies

E𝐹

[ [
𝑐 − 𝑢𝑞 (𝑞, 𝜃)

]
1𝑞LF (𝜃)<𝑞

]
= 𝜇. (3)

In words, the optimal quantity floor equates the marginal gain in allocative efficiency from lowering the

quantity floor—due to agents whose laissez-faire consumption falls below 𝑞—to the average marginal

external benefit.

The key technical insight exploited in the proof is that Nature’s limiting best response results in a

worst-case externality that depends on the regulator’s allocation function only through a one-dimensional

statistic: its essential infimum. This allows the regulator’s problem to be rewritten as a maximization

problem with a single constraint on ess inf𝜃∈Θ 𝑞(𝜃), rather than an infinite-dimensional constraint that

would arise if Nature’s best response depended on the entire allocation function.

An implication of Theorem 1 is that the optimal regulation places relatively limited informational

requirements on the distribution of types. Unlike Bayesian mechanism design models, which typically

require estimation of the entire distribution 𝐹, the optimal regulation here depends on 𝐹 only through the

condition in equation (3). Thus, implementing the optimal regulation requires only information about

a welfare statistic—specifically, how much allocative efficiency is lost by imposing the quantity floor—

rather than detailed knowledge of the full demand distribution. This property emerges as a consequence

of robustness to correlation uncertainty, rather than an a priori restriction imposed on the regulator.

While Theorem 1 uses only information about the average marginal benefit 𝜇, the same analytical

techniques extend to ambiguity sets that impose additional structure on the distribution of 𝜉. To illustrate,

suppose the regulator also knows that 𝜉 ∈ [0, 𝜉] for some 𝜉 ≥ 𝜇. This restriction implies 0 ≤ 𝑚(𝜃) ≤ 𝜉;

since E𝐹 [𝑚(𝜃)] = 𝜇, any feasible 𝑚 must be positive on a set of 𝐹-measure at least 𝛼 ≔ 𝜇/𝜉, so

Nature can no longer concentrate the entire mean 𝜇 on a vanishing set of types. Moreover, to minimize

E𝐹 [𝑚(𝜃)𝑞(𝜃)] subject to these constraints, Nature assigns 𝑚(𝜃) = 𝜉 on an 𝛼-measure set of types with

the smallest allocation probabilities and 𝑚(𝜃) = 0 elsewhere. As a result, the essential infimum term in

equation (1) is replaced by a lower-tail expected shortfall functional:

inf
0≤𝑚≤𝜉

{E𝐹 [𝑚(𝜃)𝑞(𝜃)] : E𝐹 [𝑚(𝜃)] = 𝜇} = 𝜉

∫ 𝛼

0
𝑞

(
𝐹−1(𝑢)

)
d𝑢 = 𝜇 · 1

𝛼

∫ 𝛼

0
𝑞

(
𝐹−1(𝑢)

)
d𝑢.
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Accordingly, the objective still depends on 𝑞 only through a one-dimensional functional, and the resulting

mechanism design problem can be analyzed using the same techniques as in the proof of Theorem 1.

Similar arguments apply when the regulator has additional moment information (e.g., a variance bound)

rather than a support bound on 𝜉.

Although these extensions are analytically tractable, I view them as more artificial from a policy

perspective. In many real-world applications, policymakers lack credible information about the shape

of the externality distribution—especially its tails—beyond coarse evidence about an average effect. In

the exceptional cases where such information is available, it is arguably more natural to take a Bayesian

approach. Nevertheless, when these additional restrictions are loose—so substantial residual uncertainty

about heterogeneity remains (e.g., 𝜉 is large or moment bounds are weak)—it can be shown that the

optimal policies are well-approximated by the quantity-control characterization in Theorem 1. For these

reasons, I do not pursue these extensions here.

3.2 Positive vs. Negative Correlation

I next consider the benchmark in which the regulator knows the sign of the correlation between demand

and marginal externality.

Theorem 2.

(a) Under the positive-correlation benchmark, the regulator’s unique optimal allocation function can

be implemented by a per-unit subsidy equal to 𝜇:

𝑞∗+(𝜃) = 𝐷 (𝑐 − 𝜇, 𝜃).

(b) Under the negative-correlation benchmark, there exists a quantity floor 𝑞 ∈ [0, 𝐴] such that the

regulator’s unique optimal allocation function is

𝑞∗−(𝜃) = 𝑞∗0(𝜃) = max
{
𝑞LF(𝜃), 𝑞

}
.
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Theorem 2 shows that the sign of the correlation determines whether price or quantity regulation is

optimal. When the correlation is positive, the optimal regulation is a uniform subsidy equal to the average

marginal benefit. When the correlation is negative, the optimal regulation consists of a quantity floor.

The negative-correlation benchmark parallels the unknown-correlation benchmark in Theorem 1.

In particular, the regulator must guard against the same worst-case possibility—namely, that marginal

benefit is concentrated among agents with low demand. Consequently, the optimal allocation coincides

with that in Theorem 1 and again takes the form of a quantity floor above which there is no intervention.

The positive-correlation benchmark is qualitatively different. Nature can no longer concentrate high

externalities on low-demand agents, and as the proof of Theorem 2 below shows, Nature’s best response

is degenerate: 𝑚(𝜃) ≡ 𝜇, which removes selection altogether. The regulator therefore faces an effectively

homogeneous externality of size 𝜇, and the optimal policy collapses to a uniform subsidy.

Perhaps interestingly, the optimal regulation in the positive-correlation benchmark sets a subsidy equal

to the average marginal benefit, 𝜇. In Bayesian models, this is not the optimal uniform subsidy. In fact,

Diamond (1973) and subsequent authors caution against this “naïve” subsidy, showing that policymakers

can generally do better by setting a subsidy equal to a weighted average of marginal benefits, with weights

given by demand responses. By contrast, Theorem 2 provides a robustness-based argument for why this

“naïve” subsidy can be optimal when the sign of the correlation is known but more detailed information

about its structure is unavailable.

It should be noted that no information about the distribution of types is required under the positive-

correlation benchmark. Thus, the optimal regulation in this case is also robust to demand uncertainty.

The proof of Theorem 2 shows why the optimal regulation in the positive-correlation benchmark is

simply a uniform subsidy equal to 𝜇:

Proof. To prove the result for the positive-correlation benchmark,7 observe that the worst-case external

benefit can be bounded more tightly than in Theorem 1. Given the regulator’s choice of allocation

function 𝑞,

inf
𝑚∈M+

E𝐹 [𝑚(𝜃)𝑞(𝜃)] ≥ E𝐹 [𝑚(𝜃)] · E𝐹 [𝑞(𝜃)] = 𝜇E𝐹 [𝑞(𝜃)] .

7 As noted above, the result for the negative-correlation benchmark follows directly from the proof of Theorem 1.

16



The inequality above follows by the continuous version of Chebyshev’s sum inequality. To show that

equality is in fact attained, consider Nature’s best response: 𝑚∗
+(𝜃) ≡ 𝜇. Given this strategy,

E𝐹 [𝑚∗
+(𝜃)𝑞(𝜃)] = 𝜇E𝐹 [𝑞(𝜃)] = inf

𝑚∈M+
E𝐹 [𝑚(𝜃)𝑞(𝜃)] .

This shows that Nature’s best response is weakly dominant and distributes marginal benefit equally.

As in the proof of Theorem 1, the worst-case external benefit under the positive-correlation benchmark

depends on the regulator’s choice of 𝑞 only through a one-dimensional statistic: in this case, its average,

E𝐹 [𝑞(𝜃)]. Thus, the regulator’s problem (P+) can be rewritten as

sup
𝑞∈Q

[∫
Θ

[𝑢(𝑞(𝜃), 𝜃) − 𝑐𝑞(𝜃)] d𝐹 (𝜃) + 𝜇E𝐹 [𝑞(𝜃)]
]
= sup

𝑞∈Q

∫
Θ

[𝑢(𝑞(𝜃), 𝜃) − (𝑐 − 𝜇) 𝑞(𝜃)] d𝐹 (𝜃).

The solution to the regulator’s problem is therefore given by the pointwise maximizer 𝑞∗+(𝜃) = 𝐷 (𝑐−𝜇, 𝜃).

As in the proof of Theorem 1, uniqueness of the solution follows from the strict concavity of 𝑢. □

4 Applications

This section applies the main results of Section 3 to four settings: vaccines (as in the motivating example

of Section 1), negative externalities, regulatory uncertainty, and costly screening. Proofs are deferred to

Appendix A.

4.1 Vaccines

To apply the main results to vaccines, I extend the framework of Section 2 to a setting with unit demand.

Each agent demands at most one unit of the vaccine, and willingness to pay is denoted by 𝜃. Interpreting

𝑞(𝜃) as the probability that an agent of type 𝜃 is vaccinated, the regulator chooses an allocation function

𝑞 : Θ → [0, 1]. As Proposition 1 shows below, probabilistic rationing does not arise in the regulator’s

optimal mechanism; however, allowing for probabilistic allocations implies that the chosen mechanism

is also optimal within a broader class.
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Agent utility is given by 𝑢(𝑞, 𝜃) = 𝜃𝑞. This specification can be viewed as a limiting special case of

the utility functions permitted in Section 2. In particular, although 𝑢 is not strictly concave in 𝑞, it is the

pointwise limit of the strictly concave family 𝑢𝑛 (𝑞, 𝜃) = 𝜃𝑞 − 𝑞2/𝑛 as 𝑛 → +∞.

Vaccination generates an external benefit 𝜉 ∈ R+ that varies across agents. As motivated in Section 1,

this may reflect heterogeneity in individuals’ propensity to wear masks or avoid large crowds. In turn, 𝜉

may be positively or negatively correlated with 𝜃, depending on whether willingness to pay is associated

with greater exposure or greater precaution.

The following proposition extends Theorems 1 and 2 to this setting. As before, the vaccine is supplied

competitively at a constant marginal cost 𝑐, and the regulator maximizes worst-case total surplus subject

to the three informational benchmarks.

Proposition 1.

(a) Under the unknown-correlation benchmark and the negative-correlation benchmark, the regulator’s

optimal allocation function is

𝑞∗(𝜃) =


1, if 𝜇 ≥ E𝐹 [(𝑐 − 𝜃)+],

𝑞LF(𝜃) = 1𝜃>𝑐, if 𝜇 < E𝐹 [(𝑐 − 𝜃)+] .

(b) Under the positive-correlation benchmark, the regulator’s optimal allocation function is

𝑞∗(𝜃) = 1𝜃>𝑐−𝜇 .

Proposition 1 shows that there are only three candidates for the regulator’s optimal policy: a mandate

(𝑞∗ ≡ 1), no intervention (𝑞∗ = 𝑞LF), and a subsidy equal to the average external benefit 𝜇.8 A subsidy is

optimal only when willingness to pay is known to be positively correlated with the external benefit—for

instance, when individuals at greater risk of exposure also have higher demand for vaccination. This

8 Here, the terms “mandate” and “subsidy” refer only to the induced allocation rule in a frictionless total-surplus benchmark.
In practice, mandates may raise enforcement and exemption issues, and subsidies may require financing through distortionary
taxes. These institutional margins are not modeled here as the goal of the application is to isolate how limited information
about heterogeneity in external benefits can rationalize different allocation rules.
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direction of selection is plausible for vaccines such as those for HPV and mpox, where individuals may

seek vaccination in anticipation of increased infection risk. By contrast, if the direction of selection is

negative or ambiguous—such as when individuals with higher demand for vaccination also engage in

more precautionary behavior, as may have occurred during the COVID-19 pandemic—then the optimal

policy is either a mandate or no intervention.

The regulator’s choice between a mandate and no intervention is determined by a comparison between

the average allocative deadweight loss imposed by a mandate and the average external benefit from

vaccination. Vaccinating an agent with willingness to pay 𝜃 imposes an allocative deadweight loss of

(𝑐 − 𝜃)+; thus, E𝐹 [(𝑐 − 𝜃)+] represents the average loss in allocative efficiency generated by a mandate.

When the average external benefit 𝜇 exceeds this loss, mandating vaccination yields a positive welfare

guarantee and is optimal. However, when 𝜇 is smaller than E𝐹 [(𝑐 − 𝜃)+], the regulator optimally refrains

from intervention as any intervention would generate more allocative inefficiency than external benefit

in the worst case. This condition extends the logic of the tradeoff characterized in equation (3).

Proposition 1 implies that mandates are optimal in a wider set of environments than a Bayesian model

would suggest. If the true joint distribution 𝐻 of (𝜃, 𝜉) were known, the regulator would be able to exploit

information about the conditional average external benefit 𝑚(𝜃) = E𝐻 [𝜉 | 𝜃]. It can be verified that a

Bayesian regulator (who maximizes expected total surplus) optimally employs a mandate if and only if

for every 𝜃 ∈ [𝜃, 𝜃], ∫ 𝜃

𝜃

[𝜃 − 𝑐 + 𝑚(𝜃)] d𝐹 (𝜃) ≥ 0. (4)

This condition is strictly stronger than that in Proposition 1: taking 𝜃 = 𝑐, equation (4) implies that

E𝐹 [(𝑐 − 𝜃)+] ≤ E𝐹 [𝑚(𝜃)1𝜃≤𝑐] ≤ E𝐹 [𝑚(𝜃)] = 𝜇.

The reverse implication does not generally hold. Consequently, the robust criterion used here rationalizes

mandates in environments where a Bayesian model—requiring substantially more information—would

not. This may help explain why vaccine mandates have been so widely adopted, including during the

COVID-19 pandemic.
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Perhaps surprisingly, Proposition 1 can also rationalize no intervention. With a known joint

distribution, a Bayesian regulator subsidizes vaccination whenever expanding participation below 𝑐

yields positive expected social surplus for some types: that is, whenever 𝜃 − 𝑐 + 𝑚(𝜃) > 0 on a set of

positive measure for 𝜃 ≤ 𝑐. By contrast, under the robust criterion considered here, limited information

about how external benefits are distributed across agents can make any intervention welfare-reducing in

the worst case. In such environments, refraining from intervention maximizes the regulator’s welfare

guarantee despite the presence of a positive externality.

Finally, the proof of Proposition 1 in Appendix A shows that, despite agent utility no longer being

strictly concave as in Section 3, the optimal allocation functions characterized above are unique except in

a knife-edge case. Specifically, when 𝜇 = E𝐹 [(𝑐 − 𝜃)+], the regulator is indifferent across a continuum

of optimal allocations that include both a mandate and no intervention; but in all other cases, the optimal

allocation function is unique.

4.2 Negative Externalities

Although I have so far focused on a framework with positive externalities, my analysis extends to the case

of negative externalities. Specifically, suppose that a type-𝜃 agent who consumes a quantity 𝑞(𝜃, 𝜉) of

the good, generates a negative externality of 𝜉 per unit of consumption, and makes a payment of 𝑡 (𝜃, 𝜉)

obtains a utility of

𝑢(𝑞(𝜃, 𝜉), 𝜃) − 𝑡 (𝜃, 𝜉) − 𝐸, where 𝐸 =

∬
(𝜃,𝜉)∈Θ×R+

𝜉𝑞(𝜃, 𝜉) d𝐻 (𝜃, 𝜉).

Relative to the results of Section 3, quantity ceilings—rather than quantity floors—become optimal

when there are negative externalities. The following result extends Theorem 1:

Theorem 1’. Under the unknown-correlation benchmark for negative externalities, there exists a quantity

ceiling 𝑞 ∈ [0, 𝐴] such that the regulator’s unique optimal allocation function is

𝑞∗0(𝜃) = min
{
𝑞LF(𝜃), 𝑞

}
.
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Moreover, the results for positive and negative correlation are reversed. The following result extends

Theorem 2 to the case of negative externalities:

Theorem 2’.

(a) Under the positive-correlation benchmark for negative externalities, there exists a quantity ceiling

𝑞 ∈ [0, 𝐴] such that the regulator’s unique optimal allocation function is

𝑞∗+(𝜃) = 𝑞∗0(𝜃) = min
{
𝑞LF(𝜃), 𝑞

}
.

(b) Under the negative-correlation benchmark for negative externalities, the regulator’s unique optimal

allocation function can be implemented by a per-unit tax equal to 𝜇:

𝑞∗−(𝜃) = 𝐷 (𝑐 + 𝜇, 𝜃).

Theorems 1’ and 2’ show that with negative externalities, the correlation–instrument mapping reverses

relative to Section 3. When the direction of correlation is unknown, and also when willingness to pay

is known to be positively correlated with marginal harm, the regulator optimally uses a quantity ceiling,

leaving laissez-faire behavior unchanged below the cap. By contrast, when willingness to pay is known

to be negatively correlated with marginal harm, a uniform tax equal to the average marginal external cost

𝜇 is robustly optimal. Thus, absent a priori evidence that high-demand agents generate less marginal

harm, the robust criterion favors quantity regulation—quotas, limits, or bans—over price regulation.

4.3 Regulatory Uncertainty

While the analysis so far has focused on heterogeneity across agents, this subsection turns to uncertainty

faced by the regulator—a classic problem studied by Weitzman (1974) and a large subsequent literature

in environmental economics, law and economics, and other fields. In this setting, my results show that

the desire for robustness with respect to uncertainty can help explain the use of quantity regulation.
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Consider a regulator who wishes to regulate an externality-producing industry by reducing the amount

of the externality it produces. Let 𝑞 denote the level of externality reduction. For simplicity, suppose that

the marginal benefit of externality reduction is constant. This assumption is a reasonable approximation

when the industry has a small overall impact on the environment and is commonly imposed in textbook

treatments of the problem (see, e.g., Chapter 21 of Viscusi, Harrington and Vernon, 2005). By contrast,

the industry’s marginal cost of externality reduction is increasing, reflecting rising abatement costs.

The regulator faces uncertainty over both the cost and benefit of externality reduction. This uncertainty

is captured by the random variables 𝜃 ∈ Θ and 𝜉 ∈ R+, which represent the aggregate industry’s cost and

benefit shifters. The cost function 𝐶 : R+ × Θ → R+ is increasing and strictly convex in 𝑞 (𝐶𝑞 > 0 and

𝐶𝑞𝑞 > 0), and higher values of 𝜃 correspond to higher marginal costs (𝐶𝑞𝜃 > 0). Likewise, 𝜉 shifts the

marginal benefit curve: the marginal benefit of reducing the externality by an additional unit is 𝜉.

Importantly, cost and benefit shifters may be correlated in an unknown way. For example, a global

demand shock can raise both the marginal benefits of abatement (because baseline emissions from other

industries are higher) and the marginal costs of abatement (because reductions must be achieved at higher

output levels). Conversely, if scarce innovation effort must be allocated between abatement technologies

(which lower 𝜃) and mitigation or capture technologies (which lower 𝜉), then cost and benefit shifters

may be negatively correlated. Stavins (1996) discusses other examples of how correlation may arise.

This setup departs from the previous literature along two dimensions: the set of feasible policies and

the regulator’s objective.

First, the regulator chooses a potentially nonlinear payment schedule 𝑇 : R+ → R ∪ {+∞}, under

which the industry pays 𝑇 (𝑞) when it reduces 𝑞 units of the externality. In particular, the regulator is not

restricted to particular instruments (such as constant marginal prices or fixed quantity instruments), as

in the models of Weitzman and Stavins—and indeed much of the subsequent literature, as critiqued by

Kaplow and Shavell (2002).

Second, the regulator does not know the joint distribution of (𝜃, 𝜉) and does not treat uncertainty over

𝜃 and 𝜉 symmetrically. As Stavins notes, “more often than not, it is benefit uncertainty that seems to be

of substantially greater magnitude.” For example, while policymakers often have access to information

about marginal costs through abatement technologies and compliance costs, marginal benefits depend on
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more complex processes—such as environmental damages, health impacts, or ecological responses—that

are difficult to measure and may vary substantially across states of the world. Accordingly, the regulator

is assumed to know only 𝜇 = E[𝜉] and the marginal distribution 𝐹 of 𝜃, and she evaluates each policy

according to its worst-case ex-ante welfare performance.

The game proceeds as follows:

1. The regulator commits to a payment schedule 𝑇 : R+ → R ∪ {+∞}.

2. The cost and benefit shifters 𝜃 and 𝜉 are realized and observed by the industry.

3. The industry chooses the level of externality reduction 𝑞 and pays 𝑇 (𝑞).

While this setup differs slightly from the model in Section 2, the same analysis applies. In particular,

𝜃 and 𝜉 can equivalently be interpreted as the industry’s private information, and the regulator’s problem

can be formulated as one of choosing an incentive-compatible mechanism. Thus, Theorem 1 implies the

following result.

Proposition 2. There exists a quantity floor 𝑞 such that the regulator’s optimal payment schedule is, up

to a lump-sum transfer that does not affect total surplus,

𝑇∗(𝑞) =


0, if 𝑞 ≥ 𝑞,

+∞ (or a sufficiently large payment), if 𝑞 < 𝑞.

Even though the regulator can, in principle, choose any nonlinear payment schedule, Proposition 2

shows that the optimal policy implements a binding quantity requirement. Under the optimal payment

schedule 𝑇∗, the industry chooses the minimum level of externality reduction 𝑞 = 𝑞 in every realization

of (𝜃, 𝜉). Because externality reduction is costly, favorable cost realizations reduce the cost of meeting

the requirement but do not induce additional abatement beyond 𝑞. Thus, robustness collapses the optimal

policy to a noncontingent quantity rule as considered by Weitzman and Stavins, despite the regulator’s

ability to employ a much richer class of instruments.
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As in the quantity floor in Theorem 1, the quantity floor 𝑞 in Proposition 2 can be characterized by a

simple first-order condition whenever it is interior:

E𝐹 [𝐶𝑞 (𝑞, 𝜃)] = 𝜇. (5)

When the expected marginal cost always exceeds the expected marginal benefit (i.e., E𝐹 [𝐶𝑞 (0, 𝜃)] > 𝜇),

the optimal policy is no intervention. Conversely, when the expected marginal cost is always less than

the expected marginal benefit (i.e., lim𝑞→+∞ E𝐹 [𝐶𝑞 (𝑞, 𝜃)] < 𝜇), the optimal quantity floor is to ban the

production of the externality entirely.

Despite the intuitive appeal of the first-order condition (5), it should be emphasized that it does not

arise in traditional Bayesian models. As noted by Roberts and Spence (1976) and Kaplow and Shavell

(2002), for example, the Bayesian-optimal allocation satisfies𝐶𝑞 (𝑞(𝜃), 𝜃) = E𝐹 [𝜉 | 𝜃] pointwise for each

𝜃, rather than in expectation over 𝜃.

The optimal policy characterized in Proposition 2 also admits a natural interpretation as a cap-and-

trade policy. The quantity floor 𝑞 on abatement levels equivalently imposes a cap on the total amount

of externality produced by the industry, which can be implemented by allocating permits to firms in

the industry. While trading permits is not explicitly modeled, it helps allocate abatement efforts more

efficiently across firms within the industry, which determines the industry’s cost function 𝐶 (𝑞, 𝜃). This

logic mirrors the operation of real-world cap-and-trade programs such as the U.S. Acid Rain Program for

sulfur dioxide, the European Union Emissions Trading System, California’s cap-and-trade program, and

the Regional Greenhouse Gas Initiative.

While Proposition 2 focuses only on the case in which the correlation between cost and benefit shifters

is unknown, Theorem 2 extends to this setting as well. In particular, if the regulator knows that the cost and

benefit shifters are negatively correlated—so that states of the world in which abatement is cheaper tend

to also be those in which abatement is more valuable—then a per-unit subsidy for externality reduction,

equal to the average marginal benefit 𝜇, becomes optimal. As noted previously, such a correlation could

arise if scarce innovation effort must be allocated between abatement and capture technologies. However,

where the direction of correlation is uncertain (for example, advances in abatement might have positive
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spillovers into capture technologies and vice versa), then the analysis favors quantity regulation.

Beyond environmental regulations, Proposition 2 also has implications for a broader set of policy

settings in which regulators face uncertainty about costs and benefits. The insights of Weitzman (1974)

have been applied to tariff policy in international trade (e.g., Dasgupta and Stiglitz, 1977 and Young and

Anderson, 1980), to safety regulation (e.g., Shavell, 1984), and to innovation policy (e.g., Wright, 1983).

In these settings, as in the present framework, regulators choose between price and quantity instruments

under limited information, and the robustness considerations developed here provide a complementary

perspective on why quantity regulations are often observed in practice.

Finally, it is important to emphasize the limited normative scope of Proposition 2. The analysis

characterizes the policy a regulator would choose when information about costs and benefits is scarce and

the objective is to maximize a worst-case welfare guarantee. While this may well reflect the informational

constraints under which some policies are made, it does not imply that policymakers should ignore

opportunities to acquire additional information. In practice, policymakers can invest in monitoring and

data collection, and should optimally trade off the costs of information acquisition against the benefits of

implementing more finely targeted policies.

4.4 Costly Screening

The final application in this section extends the framework of Section 2 to costly screening environments.

In such environments, a good is allocated through a costly and socially wasteful action, such as waiting

in line. Costly screening has been used to study a wide range of economic settings, including bargaining,

lobbying, and redistribution programs. I build on a standard model of costly screening and show that

robustness with respect to correlation can rationalize the use of “non-price mechanisms” that rely on

random allocation rather than screening.

There is a quantity 𝑄 ∈ (0, 1) of a good to be allocated to a unit mass of risk-neutral agents. Each

agent demands at most one unit of the good and is privately informed of his value 𝑣. Each agent can

also wait for time 𝑡 ∈ R+ and is privately informed of his waiting cost 𝑤 per unit time. Thus, given a

probability 𝑞 ∈ [0, 1] of receiving the good after time 𝑡, an agent’s payoff is 𝑣𝑞 − 𝑤𝑡.
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A regulator designs the allocation mechanism under limited information about agents’ preferences.

Specifically, the regulator observes the distribution 𝐹 of the marginal rate of substitution 𝜃 = 𝑣/𝑤 ∈ Θ,

but not the joint distribution 𝐻 of (𝑣, 𝑤). In addition, she knows the average waiting cost E𝐻 [𝑤] = 𝜇.

Given this informational constraint, the regulator seeks to maximize worst-case aggregate surplus

across all joint distributions consistent with these observables. The regulator chooses a direct mechanism

(𝑞, 𝑡), consisting of an allocation function 𝑞 and a wait-time function 𝑡. As Dworczak r⃝ al. (2021) show,

the analog of Lemma 1 in this environment implies that the mechanism can truthfully elicit only the

marginal rate of substitution 𝜃, rather than 𝑣 and 𝑤 separately.

Despite the apparent differences in economic environments, Proposition 3 shows that the insights of

Theorem 1 carry over to costly screening: non-price allocation is optimal when the regulator wishes to

ensure robustness to the correlation between agents’ marginal rates of substitution and waiting costs.

Proposition 3. Under the unknown-correlation benchmark, the mechanism (𝑞∗, 𝑡∗) = (𝑄, 0) is optimal.

Moreover, it is the unique optimal mechanism if 𝜃 > 0.

Under the mechanism (𝑞∗, 𝑡∗) = (𝑄, 0) in Proposition 3, the regulator randomly allocates the good

without agents engaging in costly screening. This can be implemented, for example, via a lottery under

which each agent receives the good with probability 𝑄.

Proposition 3 helps rationalize the widespread use of institutional arrangements that deliberately avoid

costly screening, even in settings where such screening could improve allocative efficiency under stronger

informational assumptions. In the context of dispute resolution, for instance, arbitration and settlement

procedures can be understood as responses to uncertainty about how litigation costs correlate with claim

strength. Another example is the increasing popularity of lotteries—rather than ordeals (Nichols and

Zeckhauser, 1982)—in the allocation of public housing, vouchers, school seats, and other public services.

Whereas such lotteries are often justified on equity or administrative grounds, Proposition 3 shows that

they are also consistent with maximizing worst-case efficiency.

From a technical perspective, Proposition 3 shows that the max–min logic of Theorem 1 extends to

environments in which the main friction affects agents’ payoffs directly (here, through waiting costs),

rather than entering only through the regulator’s objective via the allocation rule. In the application to
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costly screening, the regulator effectively chooses a utility schedule through the joint determination of

allocation probabilities and waiting times.9 As shown in Appendix A, robustness requires applying the

earlier max–min arguments to utility rather than to the allocation rule itself.

5 Conclusion

Much of the “prices versus quantities” debate starts from Weitzman’s (1974) classic benchmark in which

the regulator compares relatively simple instruments under relatively rich knowledge of primitives. A

subsequent literature emphasizes that, once a broader set of instruments is allowed, price-based policies

can dominate quantity controls (Kaplow and Shavell, 2002).

This paper departs from that benchmark on both dimensions. The regulator is not restricted to simple

instruments: through a mechanism-design formulation of the instrument choice problem, she may choose

any incentive-compatible policy, including nonlinear price schedules. At the same time, the regulator has

limited information about how willingness to pay covaries with marginal externalities, and thus evaluates

policies by their worst-case welfare performance subject only to information about the average externality.

The first main result provides a new explanation for the prevalence of quantity regulation based on

heterogeneity and robustness. When the sign of the correlation between willingness to pay and marginal

externalities is unknown, any policy that operates through selection—including sophisticated nonlinear

price schedules—can be driven to perform poorly by adverse correlation patterns. Quantity regulation

instead delivers a welfare guarantee by directly controlling externality-relevant behavior, and under the

max–min criterion it is uniquely optimal: a quantity floor for positive externalities and a quantity ceiling

for negative externalities (with mandates and bans as unit-demand special cases).

The second main result characterizes when price regulation is justified and why it should be simple.

Once the sign of the correlation is known, the adverse selection patterns that drive the worst case are

excluded. In the baseline model with positive externalities, if the correlation is positive, price regulation

becomes optimal, and the optimal policy takes a starkly simple form: a uniform subsidy equal to the

9 Concretely, the worst-case term takes the form E𝐹 [𝑚(𝜃)𝑞(𝜃)] in the framework of Section 2, while it takes the form
E𝐹 [𝑚(𝜃)𝑈 (𝜃)] in the present application, where 𝑈 (𝜃) ≔ 𝜃𝑞(𝜃) − 𝑡 (𝜃) is the induced utility schedule.
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average marginal externality. If the correlation is negative, the argument for quantity regulation continues

to apply. In this sense, the determinant of instrument choice is not whether the regulator can implement

rich mechanisms—she can—but whether she can credibly sign the correlation that governs selection.

A natural question is whether the correlation patterns that matter for robustness are economically

meaningful. On the one hand, the signs of these correlations do not require extreme assumptions or

implausible behavior. In many environments, willingness to pay and marginal social costs are shaped by

common underlying factors, so selection is a realistic possibility rather than a theoretical curiosity. For

example, individuals who are most eager to get vaccinated may already engage in extensive precautionary

behavior, reducing the marginal social benefit of their vaccination; conversely, individuals with the lowest

willingness to pay may be those whose behavior generates the largest marginal social benefit. On the

other hand, a growing empirical literature suggests that externalities are often driven by tail behavior. For

example, Griffith et al. (2019) note that alcohol-related externalities are highly nonlinear in consumption.

In the United States, 8% (respectively, 3%) of alcohol drinkers account for 51% (respectively, 28%) of

total drinks consumed (Esser, Sacks, Sherk, Karriker-Jaffe, Greenfield, Pierannunzi and Brewer, 2020).

Similarly, Knittel and Sandler (2018) find strong skew in the distribution of tailpipe emissions and observe

that the marginal social costs of accidents and congestion are highly skewed as well. These patterns are

consistent with the worst-case correlations characterized in this paper.

Finally, a broader implication of this paper is that quantity regulation is a robust welfare benchmark

under limited correlation information. Beyond externalities, the same logic extends to environments with

costly and socially wasteful screening, where robustness can favor rules that suppress screening—such as

lotteries rather than ordeals (Nichols and Zeckhauser, 1982)—and procedures that avoid costly litigation.

The framework developed in this paper thus provides a unified way to understand when simple policy

instruments are not administrative compromises, but rather justified by robustness concerns in response

to informational constraints. Exploring additional applications of this framework, as well as the role of

information acquisition and commitment in mitigating robustness concerns, is a promising direction for

future research.
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A Omitted Proofs

A.1 Proof of Lemma 1

For any (𝜃, 𝜉), (𝜃′, 𝜉′) ∈ Θ × R+, observe that (IC) requires that


𝑢(𝑞(𝜃, 𝜉), 𝜃) − 𝑡 (𝜃, 𝜉) ≥ 𝑢(𝑞(𝜃′, 𝜉′), 𝜃) − 𝑡 (𝜃′, 𝜉′),

𝑢(𝑞(𝜃′, 𝜉′), 𝜃′) − 𝑡 (𝜃′, 𝜉′) ≥ 𝑢(𝑞(𝜃, 𝜉), 𝜃′) − 𝑡 (𝜃, 𝜉).

Adding both inequalities yields, for any (𝜃, 𝜉), (𝜃′, 𝜉′) ∈ Θ × R+,∫ 𝜃

𝜃′

∫ 𝑞(𝜃,𝜉)

𝑞(𝜃′,𝜉′)
𝑢𝑞𝜃 (𝑥, 𝑠) d𝑥 d𝑠 ≥ 0.

Because 𝑢 satisfies the single-crossing property 𝑢𝑞𝜃 > 0, this implies that for any (𝜃, 𝜉), (𝜃′, 𝜉′) ∈ Θ×R+,

𝑞(𝜃, 𝜉) ≥ 𝑞(𝜃′, 𝜉′) whenever 𝜃 > 𝜃′. Therefore, for each fixed 𝜉 ∈ R+, the function 𝜃 ↦→ 𝑞(𝜃, 𝜉) is

nondecreasing and hence continuous almost everywhere. In turn, this means that for almost every 𝜃 ∈ Θ

and 𝜉, 𝜉′ ∈ R+,

𝑞(𝜃, 𝜉′) ≤ lim
𝜀↓0

𝑞(𝜃 + 𝜀, 𝜉) = 𝑞(𝜃, 𝜉).

Swapping 𝜉 and 𝜉′ yields the opposite inequality; hence, for almost every 𝜃 ∈ Θ and 𝜉, 𝜉′ ∈ R+,

𝑞(𝜃, 𝜉) = 𝑞(𝜃, 𝜉′).

This implies that there exists 𝑞 ∈ Q such that 𝑞(𝜃, 𝜉) = 𝑞(𝜃) for almost every (𝜃, 𝜉) ∈ Θ×R+, as claimed.

A.2 Proof of Proposition 1

As noted in Section 4.1, Proposition 1 can be obtained as a corollary of Theorems 1 and 2 by taking the

pointwise limit of the optimal allocation functions associated with the strictly concave family of utility

functions 𝑢𝑛 (𝑞, 𝜃) = 𝜃𝑞− 𝑞2/𝑛 as 𝑛 → +∞. Below, I instead present a direct proof of Proposition 1 using

arguments similar to those in the proofs of Theorems 1 and 2.
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(a) Under the unknown-correlation benchmark, the worst-case external benefit can be bounded as in

Theorem 1. Given the regulator’s choice of allocation function 𝑞,

inf
𝑚∈M0

E𝐹 [𝑚(𝜃)𝑞(𝜃)] ≥ E𝐹 [𝑚(𝜃)] · ess inf
𝜃∈Θ

𝑞(𝜃) = 𝜇 ess inf
𝜃∈Θ

𝑞(𝜃).

To show that equality is in fact attained, consider the sequence {𝑚𝑛}∞𝑛=1 ⊂ M− ⊂ M0 defined by

𝑚𝑛 (𝜃) ≔


0, if 𝐹 (𝜃) > 1/𝑛,

𝑛𝜇, otherwise.

Given the regulator’s choice of allocation function 𝑞, for any 𝜀 > 0, Pr𝐹 [𝑞(𝜃) < ess inf𝜃∈Θ 𝑞(𝜃) +

𝜀] > 0 by the definition of the essential infimum. Consequently, there exists 𝑁𝜀 ∈ N such that

Pr𝐹
[
𝑞(𝜃) < ess inf

𝜃∈Θ
𝑞(𝜃) + 𝜀

]
≥ 1/𝑁𝜀 .

Since 𝑞 is nondecreasing by Lemma 1, this choice of 𝑁𝜀 yields

E𝐹 [𝑚𝑁𝜀
(𝜃)𝑞(𝜃)] ≤ 𝜇

[
ess inf
𝜃∈Θ

𝑞(𝜃) + 𝜀

]
.

In turn, this implies that

lim
𝜀→0

E𝐹 [𝑚𝑁𝜀
(𝜃)𝑞(𝜃)] = 𝜇 ess inf

𝜃∈Θ
𝑞(𝜃) =⇒ inf

𝑚∈M0
E𝐹 [𝑚(𝜃)𝑞(𝜃)] = 𝜇 ess inf

𝜃∈Θ
𝑞(𝜃). (6)

The worst-case external benefit in equation (6) depends on the regulator’s choice of 𝑞 only through

its essential infimum, ess inf𝜃∈Θ 𝑞(𝜃). Let Q[0,1] ⊂ Q denote the set of implementable allocation
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functions with image in [0, 1]. Thus, the regulator’s problem (P0) can be rewritten as

sup
𝑞∈Q[0,1]

[∫
Θ

(𝜃 − 𝑐) 𝑞(𝜃) d𝐹 (𝜃) + 𝜇 ess inf
𝜃∈Θ

𝑞(𝜃)
]

= sup
𝑞∈[0,1]

[
sup

𝑞∈Q[0,1]

{∫
Θ

(𝜃 − 𝑐) 𝑞(𝜃) d𝐹 (𝜃) : ess inf
𝜃∈Θ

𝑞(𝜃) = 𝑞

}
+ 𝜇𝑞

]
. (7)

For any choice of 𝑞 ≥ 𝑞LF(𝜃), the solution to the inner constrained problem in equation (7) is given

by the pointwise maximizer 𝑞LF(𝜃) = 1𝜃>𝑐 unless the constraint is binding, yielding the solution

to the inner constrained problem,

𝑞∗(𝜃; 𝑞) = max
{
𝑞LF(𝜃), 𝑞

}
.

This solution form remains the same if 𝑞 < 𝑞LF(𝜃). By substitution, the outer maximization

problem in equation (7) can be written as

sup
𝑞∈[0,1]

[
E𝐹 [(𝜃 − 𝑐)+] + (𝜇 − E𝐹 [(𝑐 − 𝜃)+]) 𝑞

]
.

Clearly, the maximum is obtained with 𝑞∗ = 1𝜇≥E𝐹 [(𝑐−𝜃)+] , yielding the desired optimal allocation

function

𝑞∗(𝜃) =


1, if 𝜇 ≥ E𝐹 [(𝑐 − 𝜃)+],

𝑞LF(𝜃) = 1𝜃>𝑐, if 𝜇 < E𝐹 [(𝑐 − 𝜃)+] .

This solution is unique unless 𝜇 = E𝐹 [(𝑐 − 𝜃)+], in which case the regulator is indifferent across a

continuum of optimal allocations; in particular, a mandate and no intervention are both optimal.

The above solution also holds under the negative-correlation benchmark since {𝑚𝑛}∞𝑛=1 ⊂ M−.

(b) Given the regulator’s choice of allocation function 𝑞, the continuous version of Chebyshev’s sum

inequality again implies that

inf
𝑚∈M+

E𝐹 [𝑚(𝜃)𝑞(𝜃)] ≥ E𝐹 [𝑚(𝜃)] · E𝐹 [𝑞(𝜃)] = 𝜇E𝐹 [𝑞(𝜃)] .
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Equality is attained by setting 𝑚∗(𝜃) ≡ 𝜇, in which case

E𝐹 [𝑚∗(𝜃)𝑞(𝜃)] = 𝜇E𝐹 [𝑞(𝜃)] = inf
𝑚∈M+

E𝐹 [𝑚(𝜃)𝑞(𝜃)] .

Using the same notation as part (a) above, the regulator’s problem (P+) can be rewritten as

sup
𝑞∈Q[0,1]

[∫
Θ

(𝜃 − 𝑐) 𝑞(𝜃) d𝐹 (𝜃) + 𝜇E𝐹 [𝑞(𝜃)]
]
= sup

𝑞∈Q[0,1]

∫
Θ

(𝜃 − 𝑐 + 𝜇) 𝑞(𝜃) d𝐹 (𝜃).

The unique solution is thus given by the pointwise maximizer 𝑞∗(𝜃) = 1𝜃>𝑐−𝜇.

A.3 Proof of Theorem 1’

In the case of negative externalities, Nature’s problem is to choose a conditional mean function 𝑚 ∈ M0

to maximize external harm, given the regulator’s choice of allocation function 𝑞:

sup
𝑚∈M0

E𝐹 [𝑚(𝜃)𝑞(𝜃)] ≤ E𝐹 [𝑚(𝜃)] · ess sup
𝜃∈Θ

𝑞(𝜃) = 𝜇∥𝑞∥∞.

To show that equality is in fact attained, consider the sequence {𝑚𝑛}∞𝑛=1 ⊂ M0 defined by

𝑚𝑛 (𝜃) ≔

𝑛𝜇, if 𝐹 (𝜃) > 1 − 1/𝑛,

0, otherwise.

Given the regulator’s choice of allocation function 𝑞, for any 𝜀 > 0, Pr𝐹 [𝑞(𝜃) > ∥𝑞∥∞ − 𝜀] > 0 by the

definition of the essential supremum. Consequently, there exists 𝑁𝜀 ∈ N such that

Pr𝐹 [𝑞(𝜃) > ∥𝑞∥∞ − 𝜀] ≥ 1/𝑁𝜀 .

Since 𝑞 is nondecreasing by Lemma 1, this choice of 𝑁𝜀 yields

E𝐹 [𝑚𝑁𝜀
(𝜃)𝑞(𝜃)] ≥ 𝜇 (∥𝑞∥∞ − 𝜀) .
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In turn, this implies that

lim
𝜀→0

E𝐹 [𝑚𝑁𝜀
(𝜃)𝑞(𝜃)] = 𝜇∥𝑞∥∞ =⇒ sup

𝑚∈M0

E𝐹 [𝑚(𝜃)𝑞(𝜃)] = 𝜇∥𝑞∥∞.

This shows that Nature’s best response is to concentrate marginal harm on high types. Thus, the regulator’s

problem can be rewritten as

sup
𝑞∈Q

[∫
Θ

[𝑢(𝑞(𝜃), 𝜃) − 𝑐𝑞(𝜃)] d𝐹 (𝜃) − 𝜇∥𝑞∥∞
]

= sup
𝑞∈[0,𝐴]

[
sup
𝑞∈Q

{∫
Θ

[𝑢(𝑞(𝜃), 𝜃) − 𝑐𝑞(𝜃)] d𝐹 (𝜃) : ∥𝑞∥∞ = 𝑞

}
− 𝜇𝑞

]
. (8)

For any choice of 𝑞 ≤ 𝑞LF(𝜃), the solution to the inner constrained problem in equation (8) is given by

the pointwise maximizer 𝑞LF(𝜃) unless the constraint is binding, yielding the desired solution form

𝑞∗0(𝜃) = min
{
𝑞LF(𝜃), 𝑞

}
.

This solution form remains the same if 𝑞 > 𝑞LF(𝜃). As in Theorem 1, this solution is unique since 𝑢 is

strictly concave in 𝑞.

A.4 Proof of Theorem 2’

As the result for the positive-correlation benchmark follows from the proof of Theorem 1’, it suffices to

prove the result for the negative-correlation benchmark in the case of negative externalities. Given the

regulator’s choice of allocation function 𝑞,

sup
𝑚∈M−

E𝐹 [𝑚(𝜃)𝑞(𝜃)] ≤ E𝐹 [𝑚(𝜃)] · E𝐹 [𝑞(𝜃)] = 𝜇E𝐹 [𝑞(𝜃)] .
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The inequality above follows by the continuous version of Chebyshev’s sum inequality. To show that

equality is in fact attained, consider Nature’s best response: 𝑚∗
−(𝜃) ≡ 𝜇. Given this strategy,

E𝐹 [𝑚∗
−(𝜃)𝑞(𝜃)] = 𝜇E𝐹 [𝑞(𝜃)] = sup

𝑚∈M−

E𝐹 [𝑚(𝜃)𝑞(𝜃)] .

Thus, the regulator’s problem can be rewritten as

sup
𝑞∈Q

[∫
Θ

[𝑢(𝑞(𝜃), 𝜃) − 𝑐𝑞(𝜃)] d𝐹 (𝜃) − 𝜇E𝐹 [𝑞(𝜃)]
]
= sup

𝑞∈Q

∫
Θ

[𝑢(𝑞(𝜃), 𝜃) − (𝑐 + 𝜇) 𝑞(𝜃)] d𝐹 (𝜃).

The solution to the regulator’s problem is therefore given by the pointwise maximizer 𝑞∗−(𝜃) = 𝐷 (𝑐+𝜇, 𝜃).

As in the proof of Theorem 2, uniqueness of the solution follows from the strict concavity of 𝑢.

A.5 Proof of Proposition 2

First, consider the regulator’s choice of a direct mechanism rather than a payment schedule 𝑇 : R+ →

R ∪ {+∞}. Since 𝜉 does not enter the industry’s objective function, an analogous argument to Lemma 1

implies that it suffices to restrict attention to nonincreasing allocation functions 𝑞 : Θ → R+. Denote

Q↓ ≔ {𝑞 : Θ → R+ is nonincreasing} .

Given the regulator’s choice of allocation function 𝑞, a similar argument as in the proof of Theorem 1’

shows that

inf
𝑚∈M0

E𝐹 [𝑚(𝜃)𝑞(𝜃)] = 𝜇 ess inf
𝜃∈Θ

𝑞(𝜃).

Thus, the regulator’s problem can be rewritten as

sup
𝑞∈Q↓

[
𝜇 ess inf

𝜃∈Θ
𝑞(𝜃) −

∫
Θ

𝐶 (𝑞(𝜃), 𝜃) d𝐹 (𝜃)
]

= sup
𝑞∈R+

[
𝜇𝑞 − inf

𝑞∈Q↓

{∫
Θ

𝐶 (𝑞(𝜃), 𝜃) d𝐹 (𝜃) : ess inf
𝜃∈Θ

𝑞(𝜃) = 𝑞

}]
. (9)
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For any choice of 𝑞, because costs are increasing with externality reduction (𝐶𝑞 > 0), the solution to the

inner constrained problem in equation (9) is simply given by 𝑞(𝜃) ≡ 𝑞.

Next, to implement such an allocation function, consider the payment schedule defined in the statement

of Proposition 2:

𝑇∗(𝑞) =


0, if 𝑞 ≥ 𝑞,

+∞, if 𝑞 < 𝑞.

Under 𝑇∗, the industry chooses 𝑞 ≥ 𝑞; moreover, since 𝐶𝑞 > 0, it chooses 𝑞(𝜃) ≡ 𝑞 independently of the

realization of 𝜃. Thus, 𝑇∗ implements the regulator’s optimal allocation function, as claimed.

A.6 Proof of Proposition 3

Let 𝑚(𝜃) ≔ E𝐻 [𝑤 | 𝜃]. For each ∗ ∈ {0, +,−}, observe that the regulator’s problem is now

sup
(𝑞,𝑡) satisfies (IC)

{
inf

𝑚∈M∗

∫
Θ

𝑚(𝜃) [𝜃𝑞(𝜃) − 𝑡 (𝜃)] d𝐹 (𝜃) :
∫
Θ

𝑞(𝜃) d𝐹 (𝜃) ≤ 𝑄

}
. (P′

∗)

Denoting 𝑈 (𝜃) ≔ 𝜃𝑞(𝜃) − 𝑡 (𝜃), notice that by the envelope theorem (Milgrom and Segal, 2002),

𝑈 (𝜃) = 𝑈 (𝜃) +
∫ 𝜃

𝜃

𝑞(𝑠) d𝑠.

Because 𝑞 is nonnegative and nondecreasing,𝑈 must be nondecreasing and convex. Consequently, given

the regulator’s choice of allocation function 𝑞,

inf
𝑚∈M0

E𝐹 [𝑚(𝜃)𝑈 (𝜃)] ≥ E𝐹 [𝑚(𝜃)] · ess inf
𝜃∈Θ

𝑈 (𝜃) = 𝜇 ess inf
𝜃∈Θ

𝑈 (𝜃).

The same argument as in the proof of part (a) of Proposition 1 shows that equality is in fact attained in

the limit by the sequence {𝑚𝑛}∞𝑛=1 ⊂ M0 defined by

𝑚𝑛 (𝜃) ≔


0, if 𝐹 (𝜃) > 1/𝑛,

𝑛𝜇, otherwise.
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Note that ess inf𝜃∈Θ𝑈 (𝜃) can be expressed in terms of 𝑞: ess inf𝜃∈Θ𝑈 (𝜃) = 𝑈 (𝜃) = 𝜃𝑞(𝜃) − 𝑡 (𝜃).

Thus, the regulator’s problem (P′
0) can be rewritten as

sup
𝑞∈Q[0,1]

sup
𝑡 (𝜃)∈R+

{
𝜇
[
𝜃𝑞(𝜃) − 𝑡 (𝜃)

]
:
∫
Θ

𝑞(𝜃) d𝐹 (𝜃) ≤ 𝑄

}
.

Because wait times must be nonnegative, 𝑡 (𝜃) ≥ 0. Moreover, since 𝑞 is nondecreasing,

𝑞(𝜃) ≤
∫
Θ

𝑞(𝜃) d𝐹 (𝜃) ≤ 𝑄.

Therefore, the value of the regulator’s problem (P′
0) is bounded from above by

sup
𝑞∈Q[0,1]

sup
𝑡 (𝜃)∈R+

{
𝜇
[
𝜃𝑞(𝜃) − 𝑡 (𝜃)

]
:
∫
Θ

𝑞(𝜃) d𝐹 (𝜃) ≤ 𝑄

}
≤ 𝜇𝜃𝑄.

It is easy to see that the mechanism (𝑞∗, 𝑡∗) = (𝑄, 0) is incentive-compatible and attains this value.

Hence, (𝑞∗, 𝑡∗) is optimal, as claimed. This solution is unique whenever 𝜃 > 0.
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